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Inclusive semi-leptonic decays are the cleanest way to access the matrix elements of the

CKM matrix. In order to achieve precision in the determination of the CKM parameters a

reliable theoretical framework is needed in addition to precise data. From the off-diagonal

CKM matrix elements only Vs and V., are known very precisely from direct measure-

ments [, and both determinations can be related to a clean theoretical treatment: while

the theoretical machinery for the determination of Vs from K — wfp, decays is chiral per-

turbation theory, the theoretical basis for the precision determination of V., is the Heavy
Quark Expansion (HQE).



The HQE [B-f] has become a very reliable theoretical tool, in particular for semi-
leptonic decays. At present, data on inclusive semi-leptonic decays B — X/, are so
precise that not only a determination of V,;, at the level of 2% accuracy is possible [[f—
M, but also a check of the consistency of the HQE can be performed by determining the
parameters of the HQE in different ways [[[J]. These parameters are the kinetic energy
parameter p, and the chromo-magnetic moment ug at order 1 /mg and the Darwin term
pp and the spin-orbit term prg at order 1/ m,‘?. We shall stick here with the kinetic scheme,
the alternative 1S scheme [§, fl] yields similar precision. Using the moments of the hadronic
invariant mass spectrum and the charged lepton energy spectrum these parameters can be
consistently determined with an accuracy of about ten percent.

Within the HQE the order of the moments is related to the order in the 1/my ex-
pansion [LI], [J]. For example, the moments ((m;, — 2E,)") for the case of charmless
semi-leptonic B decays are determined by the contributions of the order 1/mj'. Thus in
order to exploit precise measurements of the lepton energy spectrum, i.e. measurements of
higher moments, it is mandatory to perform the theoretical calculation up to a sufficient
order in the 1/my expansion.

The current theoretical state of the art which is used in the fits is already quite elab-
orate. At leading order (which is the partonic rate) the full O(a;) and the partial O(a?)
result is known, while the 1/m? and 1/mj [[J results are used at tree-level. Hence the
leading uncertainties are the O(a) contributions at 1/m? and the tree-level contributions
to order 1/mj.

In the present paper we present a systematic way to perform the calculation of higher
order terms in the 1/m; expansion. This approach is then used to perform the complete
calculation of the 1/mi terms for the semi-leptonic decay B — X/{i, keeping the charm
mass to all orders. In the next section we shall outline our calculational method, which
amounts to a systematization for the tree-level calculation of terms to some order 1/mj.
This method is then applied to the case of 1/ mg. In section ] we identify and discuss the
parameters appearing at 1/ mé, where we find in total five independent matrix elements,
which, however, have a simple physical interpretation. In section fi] we discuss the impact
of these additional terms on the analysis of semi-leptonic decays.

2. Tree-level operator product expansion to O(1/m™)

In this section we outline a method which allows us - at least in principle - to calculate
the decay rates of semi-leptonic inclusive decays at any order in the 1/my expansion at
tree-level. The starting point for such a calculation is the hadronic tensor, which according
to the optical theorem can be related to the discontinuity of a time-ordered product of
currents across a cut. Thus one starts with a correlator of two hadronic currents

Ty = /d4xe_ix(mbv_q) (B(p)‘Ev(x)Fuc(x)E(O)Fibv(O)‘B(p» : (2'1)

Here 1
L = 5= ) 22)



is the left-handed current, v = MLB the four velocity of the decaying B meson and ¢ the
momentum transfer to the leptons.

It is convenient to decompose this correlator into Lorentz scalar structure functions
according to

T = =g T1 + 10T — i€apv® @ Ts + quauTa + (quvp + vuqn) Th (2.3)

where the scalar T} are only functions of ¢* and vgq.
Using the optical theorem we obtain for the relevant imaginary parts a similar decom-
position:

W;Ll/ = _gﬂl/Wl —|— ’UN’UVWQ - Z'ElwagvaqﬁWg + QuQVW4 + (q;ﬂ)u + U,qu/) W5 I (24)

and the hadronic tensor, needed for the transition amplitude, can be computed from 7},
by
1
——ImT; = W; (left hand cut only) (2.5)
T

The differential decay rate is then obtained by contracting the hadronic tensor with the
leptonic tensor L*”, and one obtains

GVl

dlr = ——
4Mp

ImT,,, L" d¢ps (2.6)
where d¢pg denotes the corresponding phase space element.

Using the charged lepton energy y = 25—2, the leptonic invariant mass % = ¢*/ m% and
the rescaled total lepton energy s = myvq as independent variables one obtains the triple
differential decay rate in terms of the scalar functions W;

3 2,2 2
dégdgdy - Tt <m§(yfn—i v qZ)) '@
(W) @4 W) (5 =2 = ) W) o~ o))
(2.7)
The tree-level expansion in 1/my is most easily set up by studying the Feynman dia-
gram shown in figure [[. The double line denotes the propagator of a charm quark which

is propagating in the background field of the soft gluons of the B meson. After rescaling
the b quark momentum according to

py = mpv + 1D (2.8)

we write for the background field propagator [[4]
1
Q@ +il) —m,

where (Q = myv — g and D denotes the covariant derivative with respect to the background

1SBGF = (2.9)

gluon field.
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Figure 1: Tree-level Feynman diagram for the hadronic tensor in inclusive semi-leptonic B decays.

The tree-level OPE for semi-leptonic processes is obtained by multiplying (@) by the
appropriate Dirac matrices for the left handed current (R.). A calculation to order 1/m?
requires to expand this expression to n'® order in the covariant derivative (1D) according
to

1 1 1 1 1 1

1SBGF = @_mc — @_mc(iw)@_mc+@_mc(iw)@_mc(iw)@_mc—i-... (2.10)

We note that this keeps track of the ordering of the covariant derivatives.

The remaining task is to evaluate the forward matrix elements of operators of the from

boa(iDy,) ... (iDy, )by g (2.11)

where b, (b,) carries the spinor indices o (3). The field b, is still the full QCD field, but
redefined by a phase factor to remove the large piece of the b-quark momentum according
to (R.§). This field satisfies the useful relations

b(z) = e MoVTh, (1) (2.12)
1
Pby = by — m—buz)bv (2.13)
P.b, = —%mbmbv + by (2.14)
1
P_b, = 2—mbz‘lﬁbv (2.15)
1
(ivD)b, = —2—mbz’zz)mbv (2.16)

which follow from the equation of motion for the b quark field. Here Py = (1 £ 9)/2 are
the projectors on the “large” and “small” components of a Dirac spinor.

Note that this way of expanding will yield only matrix elements of local operators;
however, these matrix elements contain still a nontrivial mass dependence, which will be
discussed in the following.

The evaluation of these matrix elements is performed most conveniently in a recursive
fashion. The starting point is always the matrix element of highest dimension, i.e. the one
with the maximal number of covariant derivatives. For these matrix elements one may



neglect all contributions of order 1/my relative to this matrix element; in other words, this
matrix element may be treated in the static limit.

Thus the first step is to consider the static limit of the forward matrix element of the
highest dimensional operator, which has the form [Ij]

(B(®)[bv,a(iDyy) - - (iDy, )byl B(p)) = (Bulho,a(iDpy) - .- (iDpy, Vw5 |Bu) + O(1/my)
= Lga A popn + SAB;\mz~~~un (2.17)

where sy = Pyv\75 P is the generalization of the Pauli matrices to the case v # (1,0,0,0)
and |B,) is the static limit of the B meson state |B(p)).

The tensor structures A and B have to be related to a minimal set of fundamental
matrix elements which are defined by contracting the indices in the various possible ways.
In the following, these matrix elements are called basic parameters for a certain order in
1/my. For example, at order 1/ mg these basic parameters are the Darwin term pp and the
spin-orbit term prg defined by

2Mppp, = (B(p)
2Mppis = (B(p)

o (iDy) (0 D)(iD*)by | B(p)) (2.18)
o (iDy) (D) (iDy ) (=ic"")by| B(p)) (2.19)

@‘\ 0‘\

|
|
while at order 1 /mg the basic parameters are the kinetic energy parameter ji, and the
chomomagnetic moment fi given by

22 = —(B(p)
2Mpjfig; = (B(p)|by

b0 (iD)*by| B(p)) (2.20)

by (i
(iDy)(iDy)(=ic"")by| B(p)) (2.21)

The hat above the quantitites means that we have defined these parameters in a co-
variant way. The definitions which have been recently used refer to the spatial components
of the derivatives only and differ from the ones used here by higher-order terms in the 1/m,

expansion. The usual definitions of these quantities are given by

2MppuZ = —(B(p)[by(iD1)*by| B(p))

2Mppg; = (B(p)|by (iD" ) (iD* )(—io )by B(p))
2Mppp, = (B(p)[by(iD 1) (ivD)(iD" )by | B(p))
2Mppis = (B(p)|by(iD" ) (ivD)(iD" )(—io,u)by| B(p))

where the spatial components are
DY = (g" —v"")D, (2.26)

At 1/mj the correction terms in the relations between the covariant and the usual definition
do matter and are given in the next section.

Once the tensors A and B for the matrix elements of the highest order in the 1/m;
expansion have been expressed in terms of these fundamental parameters, one proceeds in



a similar way with the matrix elements of dimension n — 1. However, now we have to take
into account all possible Dirac structures, such that

<B(p)|l_’v,a(iDm)- (iDp,,—1 )bv,3| B(p) Zrﬁa uwz “fin—1 (2.27)

where I are the complete set of the sixteen Dirac matrices. By using the fact that the
relations (R.12), (2.16) connect different orders of the 1/my, expansion we may express the
tensor coefficients A(®) in terms of the basic parameters of the order 1/m;" ! and the ones
of the order 1/mj'.

This prescription defines a way to recursively compute the relevant matrix elements of
the 1/my, expansion up to order 1/mj at tree-level, starting from the operator of highest
dimension. Thus the leading matrix element of dimension three will then be expressed
by this recursive method as a series in 1/mj involving all the basic parameters up to this
order.

Finally, the hadronic tensor is obtained from the trace formula

T,o =(B(p)|b,T SBGFF:rybv|B(p)>
NG i,0)
_ZTr{ p@ T F()}A(
1 s ‘
T 1 1,1
*Z“{ g g O A

1 1 1 (2 0,2
* Z r {Fp@ - Tncr}/u1 @ - mc’ylm @ - mcrl— F( )} A;(“M)Q - (228)

where the tree-level expansion of the background-field propagator (R.10) automatically

yields the correct ordering of the covariant derivatives. Note that this saves us from com-
puting the one- and even more-gluon matrix elements which would be necessary to obtain
the correct ordering of covariant derivatives in the standard computation.

In the following we explicitely perform this recursion to order 1/m§, and we first
identify the basic parameters for the order 1/ mé.

: 4
3. Basic parameters at 1/m;

At 1/ mg we have to deal with operators of dimension 7, containing four covariant deriva-
tives. We find in total five basic parameters at order 1/ mé, three of which are spin inde-
pendent, while two are spin dependent. Written in a covariant form we define the basic
parameters of order 1/mj to be

2Mp s1 = (B(p)[buiD,(vD)*iD by|B(p)) (3.1)
2Mp sy = (B(p)|byiD,(iD)*iDb,| B(p)) (3:2)
2Mp s3 = (B(p)[bu((iD)*)*by| B(p)) (3.3)
2Mp s4 = (B(p)[byiD,(iD)*iD,(—ic"" )b,| B(p)) (3.4)
2Mp s5 = (B(p)|byiD,iD,iD,iD"(—ic*")b,| B(p)) (3.5)



which are real, since they are forward matrix elements of hermitean operators.
In order to obtain some intuition concerning the physical meaning of these parameters,
we may relate them to some more intuitive quantities, which are

(E?) : Expectation value of the chromoelectric field squared (3.6)
(B?) : Expectation value of the chromomagnetic field squared (3.7)
((p*)?) : Fourth power of the residual b quark momentum (3.8)
((p*)(S-B)) : Mixed chromomagnetic moment and res. momentum squared  (3.9)
(p-B)(S:p)): Mixed chromomagnetic field and res. helicity (3.10)

The basic parameters defined in (B.1))— (B.§) can be related to the intuitive quantities

2Mps; = —g*(E?) (3.11)
2Mpss = g*((E2) — (B%) + (((p)?)") (3.12)
2Mpss = (((p)?)") (3.13)
2Mpss = —3¢((S - B)(p)?) + 2¢{(p - B)(S - ) (3.14)
2Mpss = —g((S - B)(p)*) (3.15)

which also gives some information on the sign of the non-perturbative parameters.

These parameters have to be determined independently from the lower-order parame-
ters; however, for a numerical estimate it is useful to note that some of these parameters
can be estimated in naive factorization, such as

(B%) ~({(S-B)* =g (3.16)
((p*)*) ~ ((p*))? = liz (3.17)
((P*)(S-B) ~((@*))((S-B)) = uz (3.18)

while the two remaining matrix elements do not have a simple interpretation in naive fac-
torization. Based on the interpretation of the parameters s; in terms of physical quantities
we define a “guestimate” for the basic parameters s; by

6 6

p P
SN_M_I;, SQNM_I;_M%;H:&, S3~ JUn, 84~ S5~ —lglE (3.19)

where at least the sign of the contributions should be correctly reproduced.

In this way all the basic matrix elements up to order 1/ mgl have been identified and the
remaining task is to express any matrix element in terms of these basic quantities according
to (P-27). In appendix [A] we list all the necessary general matrix elements up to dimension
seven in terms of the basic parameters fi,, fig, pp, pLs and si ... S5.

!The relations between the s; and the intuitive quantities are not entirely unique. For example, {(p?)?)
could also be defined by the completely symmetrized combination of the covariant derivatives



Finally, we may now consider the relation between the covariant definition of the basic
parameters and the usual ones shown in (R.23)— (R.25). This relation is given by

1
[ = p2 + W[SQ + s3 + 4s5] (3.20)
~2 o 1 3 1
& = e — —pb + pis] — T ls2 + 53+ 4ss] (3:21)
mp dmj
Pb = P (3.22)
S1
= - — 3.23
ﬂLs ﬂLs ™ ( )

4. Results and discussion

The remaining task is to evaluate the scalar components of the hadronic tensor at tree-level
using (R.2§) and the formulae from the appendix. We first compute the correlator (R.1)
involving the time-ordered product. From the scalar components shown in (R.3) we need
only 71, T» and T35 due to current conservation of the leptonic current. The resulting
expressions up to order 1/mj are tedious and are given in appendix B

Taking the imaginary part to obtain the components of W, according to [®.9) we use
the relation
—lImA”le = ﬂ&“” (mi —m? + ¢® — 2my vq) (4.1)
- 0 n b c q b Vq .
from which we can obtain the triple differential rate up to 1/mj at tree-level using (P-7).

The resulting expressions of the double differential rate, the single differential rate and the
total rate are quite lengthy and given completely in appendix [J.

The relevant quantities for the experimental analysis and the determination of V,;, are
the moments of the lepton energy spectrum and the moments of the hadronic invariant mass
spectrum. In order to get a quantitative idea of the effect of the 1/ mgl terms we consider
the 1/ mgl contributions to the moments, normalized to the partonic rate at tree-level. Thus

we define

1 d’T®
@y - L MMn/Ei 42
6 (M) 110/61)(X dfdedEg (42)

Ecut

d2r®

@ (gpy = M / By B ——— 4.
Ecut
my|Vep|?

m__%g?L(_m—mb%wWMﬁ—f) (4.4)

where I'® is the contribution of order 1/ my.



\2 1 2 3 4
11570 - 6.314 - 3.418 - 1.845
2.073 1076  0.556  0.288
-5.969 - 2801 -1.320 - 0.620
-0.102 -0.126 -0.105 - 0.074
-3.377 -1.042 -0.174  0.089

L = W N =

Table 1: Values of the coefficients ggn) with a weak dependence on E.,;. The values quoted are
for Ey = 0.8 GeV.

\P 2 3 4
1| 6214 -6.633 -1.322
2| -1.343 1026  0.203
3| 2472 1358 -0.033
41-0059 0315 0133
5[-0377 -0.129  0.019

Table 2: Values of the coefficients fi(") with a weak dependence on E,;. The values quoted are
for E.y = 0.8 GeV.

We first study the dependence of the O(1/mj) contributions to the moments on the

different non-perturbative parameters s;. We write the moments as

6(4 Mn Zmbf cut 1 (45)

5@ (E}) Z my gZ Ecut) (4.6)
b

The contributions of order 1/ mé are strongly concentrated in the endpoint Ey ~ (m? —
m?2)/(2my) for the lepton energy. Hence the dependence on the cut-off energy of the
coeflicients is small and can be neglected, except for the functions fi(l), corresponding to
the first hadronic mass moment.

In tables [ and [ we tabulate the values of the coefficients in ({.5§) and ([£.q) for those
coeflicients which are practically independent of E .

As pointed out above, only the coefficients fi(l) of the first hadronic moment depend
on Egy in a substantial way. Figures f] and [§ show the dependence of the five functions on
the energy cut.

Finally we shall also study the overall effect of the O(1/m{) contributions. In order
to do this we have to insert numerical values for the nonperturbative parameters. We use
the relations (B.19) and the values obtained from the fit in [I0] for the lower order basic
parameters. In table ] we list the values from [I(] for reference; in table || we list the
values of the basic parameters at 1/ mgl obtained from our guestimate. The errors for our
parameters sy, ..., s5 are calculated by error propagation from the “guestimate” (B.19) and
we add a 30% systematical uncertainty for the naive factorization assumption.
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Figure 3: The dependence of fi(l) on the energy cut in the lepton energy, leaving out the much
larger function fl(l).

Parameter | p2 (GeV)? | p2 (GeV)? | pig (GeV)? | p3, (GeV)3
Value 0.40 £0.04 | 0.30£0.05 | —=0.18 £0.09 | 0.17 £ 0.02

Table 3: Values taken from Buchmiiller and Flécher.

Inserting for the masses the values my, = 4.59 GeV and m, = 1.142 GeV from [[L(]
we obtain for the contributions to the moments for a lepton energy cut of 0.8 GeV the
values shown in table . As pointed out above, the l/mf)‘ contributions to the lepton
energy moments are practically independent of E., while the dependence on FE, of the
hadronic moments is given by the functions fi(l).

,10,



Parameter | s; (GeV)* | s5 (GeV)* | s3 (GeV)* | s4 (GeV)? s5 (GeV)?
Value —0.08£0.03 | 0.15+0.06 | 0.16 +£0.06 | —0.12+£0.04 | —0.12 £ 0.04

Table 4: Our guess for the basic Parameters s; which is used in the numerical analysis.

n 1 2 3 4
SW(MR) | -0.1835 GeV | -0.0104 GeV? | 0.1850 GeV? | 0.1064 GeV*
SW(E™ | 0.0066 GeV | 0.0154 GeV? | 0.0351 GeV? | 0.0803 GeV*

Table 5: Numerical values for the contribution of order 1/mj using the parameters from table .

The contribution to the total rate is very small; using our estimates for the parameters
s; we get

4)
0T ~ 0.25%

resulting in a completely negligible shift of the central value of V., from the terms of the
order 1/mj.

5. Conclusions

In this paper we presented the complete result for the O(1/ mé) contributions to the semilep-
tonic rate at tree-level. Although we have in total five new, non-perturbative parameters,
we can use the known matrix elements to order O(1/m3) to estimate the size of the con-
tributions.

It turns out that the size of the 1/mj} terms is “normal”, i.e. we do not see any
abnormally large coefficients in the 1/my, expansion, at least in this tree-level calculation.

The formulae collected in the appendix allow us to include now the O(1/mj) contri-
butions into the moment analyses of semi-leptonic decays. In particular, the fourth central
moment in M)Q( is dominated by the 1/ mé terms, so these terms are required for a sensible
analysis of higher-order moments.

The method suggested here allows in principle the calculation of arbitrarily high or-
ders in the 1/m; expansion at tree-level. However, the limitation is the number of basic
parameters, which is presumably growing factorially, leading to a factorially growing effort
to express the general matrix elements through the basic parameters.

On the other hand, assuming that the 1/ meS terms also behave “normally”, the uncer-
tainty from these contributions in the determination of V., will really be extremely small.
The uncertainty currently assigned to the use of the HQE for the determination of V,, is
about 1%; a conservative estimate is to use the size of the last term calculated as the un-
certainty means that the uncertainty in the V,;, determination due to HQE may be reduced
to < 1%.
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A. General matrix elements in terms of basic parameters
In this appendix we list the general matrix elements up to dimension seven in terms of the

parameters fix (E2), i (EZ1), pp (ET8), pus (ETD), and s1...s5 @I~ (EF). The re-

sults are written as Dirac matrices which have to be inserted into the trace formula (2.29).
MATHEMATICA notebooks with the corresponding expressions can be obtained from the au-
thors.

A.1 Dimension seven

(B(p)| by (iD?)(iD”)(iD*)(iD°)by | B(p) ) =
%P@ {% <(—z’0>‘p) <g5‘7 - v‘svg) + (—ic%) (g>‘p - 11)‘1)”> > (544 s5)
+< — (—i0??) <g6>‘ - v‘sv>‘> + (—ic™) <g‘5p - v‘svp)

+(—i05>‘) (g7 — vpv”)> (4s5 — s4)

5p <g’\” ) 254 — 3s5) }P+
+%P+ { < g)\(s) —vPv7) (=281 + 3s9 — 7s3)
+2 (g&’ - v‘sv") (gp)‘ - v)‘vp> (s14 s2+ s3)
+ <gp‘S - v‘svp) < X (=851 + Tsy — 3s3) + v 07 (2851 — Tsy + 333)> }
O(1/my) (A.1)

A.2 Dimension six

(B(p)[by (iD”)(iD”)(iD)by| B(p) ) =

M M
TBP+ {UU <9p’\ v Up) PD} + TBP+ { ( Ap) v PLS}P+

(—ia)‘p> v7 51 Mg (—ia)"'“) VY7 51
12mb

M
45 { ((—iap“)vHvAv” — (—’L'O'AR)UR’UP’UJ> (351 — S2+ 83 — 84+ S5) }

M
+—5 { (—io” )0t — (ia’\“)v,ivp) v (=281 + s2 — s3 + 285) }

- 12 —



M

+ B P, { <(—i0p‘7)v)‘ _ (_Z-U)\J)UP) (—251 + 89 — 83 + 255) }P+
24mb

+ M ((—ia’”)v}‘ — (—io™ )P + (—ia)‘p)v”) P (—s4+ 3s5)
24my,
M

+60’n€/b { (’YJ - UU?A) (81 + 82 + 83 + 34 + 85) g)\P}

+ My (V¥ — vP) ((_6P+ —2)s1 + (4P + 3)s9 — (7 — 4P )s3
120mb

1 5 Mp -
—10s5 + 5(8P+ +6) (s4+ 5) ) g } + Tom, {7’\7%12 81}
+ <7 ¥ —v ) (8 — 6P )51 + (4P + 3)s3 + 1085
120m;,

_%(14 — 8P ) (54 + 35)> + (4P, + 3) (7/5% _ UA) SQ)QPJ}

M M
+—67rf:, {UA’UPUO (s3+ s5) } - 6—Trip+ { <,Upg>\0 + UAgp(f) (s3+55) }

M

e {vkv’ﬂ" (514 2.+ 53+ 50+ 55) }
60my,
M

+—= { (’yp’y(’v’\ — fy)‘fy%p) P (=281 + 82 — 83+ 2s5) }
48mb

Mp AT AP

+ v vy (3351 — Tsa + 3s3 — 10s5 — 2 (s4 + s5))
120my,

+ VPV (=175, + 359 — Ts3 + 10s5 — 2 (54 + 55))
120m,
M 1

L (’YP’YU’Y)‘ +79°9" =" - 7’)9‘”) 5 (81 +85) — 285
12my 2

M
= v MPV7 P (—1251 + 359 + 1353 + 354 + 1355)) }
60mb

+0(1/mp)

A.3 Dimension five

(B(p) | by (iD?)(iD7)by | B(p) ) =

Mp o - 9 S22+ 83
EYib { (9”7 — v07) <—8Mw - T%) }

M ] R —289 — S84+ S 2(p3, + p3
_|__BP+ { (—ic”) <_2N%¥‘|‘ 2 4 5 (pD pLS) P.

12 2m; my
M
+— B 3 ((—io)u” — (=i0”")uso” ) (255 — 1.+ 9s5) }
48mj;
M
e
M R R
+—= { (P1y70P +~4°P107) (ph + dis) }
6my
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Mp pyo [ 3521 353+ 1655 8 (% + pis)
24 mj mp

Mp Mp
+48mg { (UO',}/P + /UP,YO') (451 — 89 — 83 — 485) } + 12mg {75900 (31 — SS9 — 84) }
Mp Mp
+6—m§P+ {gp‘735} + 24mg {v”v"yﬁ (—12s1 + 359 + s3+ 254 + 455) }
+0(1/m}) (A.3)

A.4 Dimension four

BB = -3 P - i) |+ 52 00 - op - i)}

2m 6m
Mp P P ~3 ~3 4
2 |07~ 40 Pols +0b) | + O /md) (4.4)
A.5 Dimension 3
_ Mp .. N
(B()[bubu| B(p) = P Mg + 5 (i, — iz) + O(1/m}) (A.5)
b

B. Scalar components of the time-ordered product

To compute the differential rate in the limit of vanishing lepton masses only the functions
Ty, T and T3 are needed. In the following subsections we give the complete expressions
for these scalar functions up to order 1/m*. We use the notations

Ag =mi —2mpq - v —m? + ¢* (B.1)

Furthermore we use dimensionless variables according to

2 2
m q Ap
e p L v Q. S8 = A (B.2)
mj mj mj

MATHEMATICA notebooks with the corresponding expressions can be obtained from the au-
thors.

B.1 Scalar function T}

QM
TIZUQJ
mbAl
Mp o, 1 +v-q(5v-q—3)—2q2_4@-@((v-q)2—q2)
Mg , (3 —11¢>+10(v-q)®> +7p+1
T3m3hc <A1 - oA
Mo (2 Avg-g’)+3p+3 A((w-9)’—¢*)v-Q
mi P\ 3A, 3A? 3A3
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+

8((v-q)* —¢?) (v-Q)2>

3A1
(M (2 AP 4?43 -1 40-Q((v-9)’— )
mi P15\ 34, 3A2 3A3
+MB 20-Q 2(=30(v-q)®+38(v-q)?+15(¢*> —4)v-q+ T¢* + 30)
M5 _
md '\ 3A2 15A3
8(¢* = (v-9)?) (=6¢* +2v - q(3v- g +5) +5(p — 2))
15A%
16((v-9)* = ¢%) (-64> +6(v-9)* +5p)v-Q
15A%
Mp 1-3v-q (350-q—23)¢> —2v-q(v-q(25v - ¢ — 39) + 40) + 40
+—5 52 7+ 3
mp 6A] 30A7
2
2(¢* —6(v-q)* +5p+5) (qz—(v-Q)z)+8U-Q(q2—(v-q)2)
15A7 5A%
+@S v-qg+5 305v-q—1)¢®>—2v-q(v-q(15v - q+ 11) — 40) — 40
md >\ 6A? 30A3
4(3¢° + (10 -13v-q)v-q) (¢° — (v~ 9)?) Jr8v-Q(qz—(v-q)2)2
15A7 5A%
+%S CTweg+1 | 2(v-g+1)(¢* = (v-9)?)
mp 12A2 3A3
2(* - (v-9)?) (¢ —2(-q)° +p+1)
5A]
—i—%s 3v-g+5 2(*Buv-g+1)—2v-¢(2-3v-Qu-q))
mp O\ 4A2 3A3
4(? = (v-¢)?) (-19¢*> +13(v - q)> + 16p + 6
+(q (v-9)?) (~19¢ - (v-q) p+6) (B.3)
157

B.2 The scalar function 75

o _ 2Mp MBA2< 5  l4v-q 8(q2—(v-q)2)>
= MB

T ompA; m} Fr\ 7 3A, 3A2 3A3

Mg . 5 4—10v-
+3—TTLZ’M2G<_A_1+TQ>
+%ﬁ3 <_ 4 +4—41)-(] 16v-Qv-q_16v-Q(q2—(v-q)2)>

LD\ 3A A? 3A3 3A4

Mp 5 4 2—-3v-q 4(q2—2v-Qv-q)
+Wg”LS<_3A1+ 1207 3A7 >
+@81<_4(3v-q+5)_4(—39q2+42(v-q)2+40@-q+35p—5)
my 3A? 15A3

_32((61}-q+5)((v-q)2—q2)+5v-qp)

15A7
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+32 (* = (v-q)?) (—6¢* +6(v-q)* + 5,0))

15A%
Mg 5v-q+3  —39¢%+62(v-q)* +5p+ 15
+—5 52 7+ 3
mj 3A2 15A3
2
_8(6v-g+5) (v-9?*-¢*) L 16 (4" = (v-9)?)
15A7 5A3
+MB v-g—1 ¢+82(wv-q)?—25p+5
—=S
md O\ 3A2 15A3
2
128v-¢((v-9)* =¢*)  16(¢* = (v-9)*)
15A7 5A%
M g+l 4(@F+06B-8v-qu-q) 4v-Q(¢*+2(v-q)?
Mg (wegtl 4l Qu-q) q q
ms P\ 6A2 15A3 5A%
+MB 24v-q+ 13  —94¢% + 172(v - )% — 20p + 20
—=S
mp "’ 6A2 15A3
4((17 =470 - q)¢* +2(v-q)*(13v - g + 2
N (( q)q (4 q)*(13v - ¢ + 2)) (B.4)
15A1

B.3 The scalar function T3

Mp Mg, (_5v-g 40— (v-0°) Mg, (6-50-¢ (B.5)
miAy mi T 3A2 3A3 ’
Mp 5 (6—4?}-(] dv-Qu-q 8U-Q(q2—(v-q)2)>

T3 =

TP\ T3 303 3A1
+]\4BA3 6—4v-q 4(v-Q)>?
m PS5\ T 3A? 3A7
+MB 2(¢*—6(v-q)*+8v-q—6) N 16(3v - g +5) (¢* — (v-q)?) —40v - gp
S
m§ ! 3A3 15A4
N 16 (q2 —(v- q)2) (—6q2 +6(v - q)2 + 5p)
15A%
M 5 —9¢% +10(v - q)® + 4p + 2
Mz ( - q ( g) 4
my 3A] 6A7
2
LABv-q+5) (v-9)?—¢% L8 (¢ —(v-q)?)
15A% 5A3
Mg 1L 5¢°+6((v-9)*—p)
+ mg S3 < A% + GAZ{’ +
2
52v-q((v-q)* = ¢°) L8 (= (w-q)?)
15A7 5A%
Mp (1 200=(w0P) Aveg((va)-¢)
mf "~ \ 4A2 3A3 5A4
+MB 35 —11¢2 +12(v-q)2 +9p — 9 N 4(13v - g —25) ((v- 9)* — ¢%)
S
m8 ~° \ 12A2 3A3 15A%
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C. Decay rates

Finally we list in this appendix the full expressions for the differential and the total de-
cay rate at tree-level up to order 1 /mé. MATHEMATICA notebooks with the corresponding
expressions can be obtained from the authors.
C.1 Double differential rate d°T"/(dEydM%)
We use for this double differential rate the variables
Ey =mp—v-q, (C.1)
M3 = (mpv—q)?
A% Gimdyy e i a6 (462 —3 (N3 +1) Bo+201d) )o(it3
dMg(EO - 1927{_3’ Cb‘ 0 X ( (. < X+ ) O+ X) ( X—p)

] . . .
it <<40E3—2E§ (10M)2(+5p+11> ~3p
b

+FEq <6p—10M)2(> +5M)4(+7(p+1)M)2(>5/(M)2(—p)
+<16E§—4 (2083 +p+3) B —8pE3+201% (313 ~5p)
+<—M§(+(l3p—|—3)]\;f}2{ +9,0> E0>5”(M)2(—p)>
] . . .
5 i (— <+40E3—2E§ (10M)2(+5p+11>
b
+FEq <6p—10]\2f)2(> —|—5M§(—|—7(,0—|—1)M)2(—3p> &' (M2% —p)
+( (8833 (N3 +1) Eo—201% ) (313 —p) >5~<M;_ p)>
8 ~3 13 (12 r2 ” r2
b —2( 1683 -2E] (4083 +20+5) + By (6p— 4075 )
b
R L S A LT B
4 (B3 N1 ) (453~ (208 +p+1) Bo— M3 +p) 6" (NI~ p)
1 . . . . .
- (32E8—8 (2083 +p+3) Eg+8 (p—301% ) B
“ra r2 2 (2 “ra “r2 2 n
+2 <5MX+2(5p+6)MX—3p ) E2+2 <5MX—22pMX—|—9p ) £y
N ~ 2 N
3 (A3 +3) (13 —p) >5(3)(M>2(—p)>
8 ~3 3 (2 r2 7 r2
it ( —2( +16E5 283 <4MX+2p+5> +Ey <6p—4MX>
b

FNL+ (- )1; ~39 ) 7 (T )
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4 (B30I ) (453~ (208 +p+1) Bo— M3 +p) 6" (NI — p)
1/ nu /o e /o .
+3 <8E3 (M)Q(—p) —2E] <M§<+2M§<—p(p+2))
“9E, (Mj*( +2pM)2(—3p2) — NS+ (6p+1) ML
4{2—5/))/)1\%2(—3/)2)5(3) (M)%—p)>
4 4 “r2 3 r2 2
e (—4( 2088 -2 (GMX+3p+7> 34 (8p—12MX) bor:
b
+ (6N +(30+8) M3 —3p) EO—QPM)Q(>5H(M)2(—P)
16 [y . . .
i <E§—M§(> (24E3—6 (2M)2( +p+1> Jor:
+ (500013 ) Bo N1 (2075 +p+1) >5<3><M;_p>
1 N ~ N N N
= <192E8—48 <2M)2( +,o+3) B+ <48p—176M)2() B
18 (9N + (17p+21) M 502 ) B +4 (1901% —64pD 1% +250% ) B
. (21M)6(+(69—2p)M§( +5(p—18)pM % +45p2> £
o (M ~1490T3 +50%) >5<4>(M§(— p>>
1 4 r2 3 r2 ;2
sz (4(40E] -2 (10MX+5p+13> E3-4 (MX+2,0> £2
b
+(2M§‘(+(19p+8)M§( +9p) Eo—lopM)z()é”(M)z{— 0)
] . . . . .
= <48E8—12E§ (2083 +p+1) 63 (1107 +5p)
123 (14N +(1Tp+T) M3 +5p(p-+1) ) +6 o (30T +50°)
AN~ (T 2)N-45(1 - 50)pT} 1502 )30 (0% )
1 16 r2 5 “r2 4
124 (3M§(+(9p+7)M)2( +5,0> E3+4 (19M§(—34pM)2(—|—15,02> £2
3 <7M§(+(26p+23)M§( +5p(3p+2)M)2(+15p2) £
N2 <M)4(—34pM)2(—15p2> >5(4)(M§(— p))

1 N N N ~ N
g (4 (24E§—2 (GM)Q( —|—3p+7) B3+ <8p—12M§(> B2
b
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+(6M§‘(—|—(3p—|—8)]\2f)2(—3p) EO—QpM)2(>6"(M)2(—p)

% <208E§-4E§ (26013 +13p+33) —2£53 (2301 +65p)
12E2 <14M§(+(67,0+27)M)2(+15p(p+3))

2F, (21M§(—50pM)2( +45p2>

H6MS +(18—67p) M5 +15(p—5)pM% +45p2>5(3)( —p)

1 N ~ N ~ N
— <192Eg—48 (2083 +p+3) B3 ~16 (1% +17p) B
+16 (2]\;[;1(—{-(11,0—!—3)]\;[)2( +5,o(,o+3)) E3-4 <21M§(—26p]\>f}2{—|—5p2> £2

+ (19NLS + (51— 38p) M — 25p(5p+6) N3 —450% ) E
—2M?% <M§( +6pM% —55p2) )5(4)( p))
4%34 ((32E§—8 (201 +p+3) 48 (31 ~3p) £3
+( 5MX+(29p+3)MX+21p> Bo+2M2 <MX 9p) )5'/(M)2(—p)
41% <24E3—6E§ <2M§( +p+ 1) 2R3 (M)Q(—QE’)/))
2 (451\2;1( S+ (4Tp—13) M2 —5(p—5)p) +2E, (2M§( _5pNI2 +15p2)

+3M)6(+(4—11p)M§(+5(1—2p)pM)2(—15p2>5(3)( 2—p)
4 N N N N N
= (EO MX) (M2 —p) (—6E§+5 <M)2(—p> Eo+ M2 +5,0>> SO (N2 —p)
2 ns r2 13 r2 12
s ( (1926316 (601% +3p+7) B —8 (13013 ~9p) £
b
+(51MX+ 21p+67)MX—27p) Eo+2M2 <MX 9p) )5”(]\2)2(—;))
8 A5 o fd r2 £3 2
117 | 104E3 25 (26013 +13p+33) —8EF (1611 5
53 (TANT +(87—23p) N3 +15p(3p—1) ) + B (~60L +80p11% —90,?)
—TM$ —(11p+6)M% —450M% +45p2>5(3) (M3%—p)
9 . . . . . .
— <108 <M§—p) E4-30 <2M§(—3pM)2( +M)2<+(p—1)p) i3
+ (86T +16p01% +70p ) E3+15 (3M1% +(1—4p) Mk + 2015 — p*) E
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M2 <M)4(—|—4p]\2f)2(—5,02> )5(4)(]\2[)2(—/)))} (C.2)

C.2 Differential rate dI'/dy
We use in this differential rate the dimensionless variable

y—oLte (C.3)

mp
Furthermore x is a short hand notation for x = %(1 —y —p). 6" (z) means therefore
the n'* derivative of the delta function with respect to its argument x. To rewrite the

argument and derivative of the delta function linear in y, we use

() = (Y S L
60 = (5735) 3 e

where
1 d\" 1 d 1 d
d_ - / d_ / - .

ar _ Gimg 2 o (y —3)p° 3p
Bl - —3p—2
dy = o2 {y<<y—1>3 -2 “3)

2% (2 (y? =5y +10) p* (15 — 6y)p? N 5)
™

—5 3k
3mj (y—1)° (y—1)*
2 (5 (V" =4y +6)p° 9(y—2)p*  6(2y—3)p )
+ 7 - + + 5y +6
3mz "¢ (y—1)* (y—13 = (y—1)7?
N 2 4 ( 2 (5y* — 30y3 + 75y* — 84y + 54) p?
3mp" P (y —1)8
y? (—=5y° + 25y% — 50y + 42) p* 2y (2y> =3y —3) p
(y—1)° (y—1)3
292 (2% — 5y + 9 +D(p+2)(p—1)*
n ( : ) (e 2)(,0 )5(y+p_1)
Y- P
(P A3y te=2) Yy =20 45 (2)
—1)8 —1)5 —1)3 -1 Y z
(y—1) (y—10  (y—-17° y
2y (y3—5y2+10y+6),03+3(y2—4y+6)p2 6(2y — 3)p byt 6
ol (y— 1P (- 17 (y— 12
N 1 . < B 6y (17y° — 119y* 4 357y® — 595y + 520y — 240) p?
15my (y—1)7
2y? (43y* — 258y> + 645y — 760y + 420) p?
(y—1)°
20y (4y° — 15y + 20y — 12) p ~ 40y” (2y* — 4y + 3)
(y—1)* (y—1)?
2 (3p* +10p% — 14p? — 34p — 45) (p — 1)3
( P3 ) 5(y + P — 1)
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+< By =197 | (227~ 28y +75) pt 25y + 8oy

(y—1)° (y—1)8 (y —1)8
2011y +2)p*y  3(yP+4y+5)p A5
(y—1)4 (y — 1) 3)95( )

3p° 5-—2y)p>  2p
+<+ p10+( y)g_ Py
(y—1) (y—=1°7 (-1
20% | By—=5p*  3p ) 5o >
- + + 0" (x
-1 T o 1)
1 <6y2 (27y° — 189y* + 567> — 945y 4 820y — 340) p*
2

T omz” (y—1)7
_6y2 (21y* — 126y° + 315y* — 400y + 220) p? N 40y® (5y* — 16y + 14) p
(y—1)° (y— 1)
40(y —2)y®  2(3p +23p% — 11p +45) (p — 1)*
(v )Qy_ (3p Pl ) (p )5(y+p_1)
(y—1) p
<3(y —19)p°  (12y% 4+ 128y — 185) p* 2 (15y* + 32y — 105) p?
(y—1)° (y—1)° (y—1)°
2(6y* =8y —45)p*  (By*+12y+5)p .
) 3 +3)y* ' (x)
(y—1) (y—1)
+< 30 34y —5)p° | 6(5—3y)p*
(-1 (y—1)° (y—1)7
6(2y —5)p° 3(y—5p" 3p 5 (z)
(y—1)° (y—12 y-1
N 1 2y* (—29y° + 203y* — 609y> + 1015y* — 1240y + 480) p?
S
60m? (y—1)7
+2y2 (7y* — 42y3 + 105y* — 400y + 240) p?
(y —1)°
40y* (3y® — 11y? + 14y — 3) p  40y? (4y* — 14y +9)
(y—1)* (y —1)2
2 (17p? 4+ 34p + 45) (p — 1)°
+ ( s ) y+p—1)
( (37y +17)p°  (52y* — 32y —65) p* 2 (5y* — 12y +45) p°
(y—1)? (y —1)° (y— 1)
2 (14y® — 32y +25) p>  (3y> — 28y +5
214" - 32 +25) 0 (397 — 280 4 )p—|—3>y45'(x)
(y—1) (y—1)
+< 3p° 3(4y —5)p°  6(5 — 3y)p*
(y—10  (y-1)° (y—1)7
6(2y —5)p° 3(y—5p"  3p 6" (2)
(y —1)° (y—173 y-1
N 1 o <2y2 (y* — 6y + 15y* — 20y — 10) p? B y? (7y® — 35y* + 55y + 45) p?
10m;, (y — 1) (y—1)°
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2y (2% — 5y + 15) p 2(p = 2)(p+ D(p—1)*

— + 5y + y+p—1
(y—1)* p’ ( )
+< 2 N 6y —2)p* 2 (3y* — 13y + 12) p?
(y—1%  (y—1)7 (y—1)8
2(y2 =Ty +10)p* 20y —3)p\ 4o
1 5 |y 0 (2)
(y—1) (y—1)
N L 4y (19y* — 114y + 285y* — 380y + 60) p?
30mi (y — 1)0
+y2 (—11y® + 55y* — 65y + 285) p? N 2y? (74y® — 215y% 4+ 120y + 165) p
(y—1)° (y— 1)
15(19 — 11y)y? 2 (13p%2 —=3p +74) (p — 1)*
L 15( yy® |, 2(13p ot ) (p sty t o 1)
y—1 p
+< 269 2(19y — 8)p* N 2 (y> — 31y +54) p?
(y—1)8 (y—1)7 (y—1)8
2(7y* — 39y +80) p*> 2(31—7
(y—1) (y—1)
C.3 Total decay rate I
GZmp
= 1553Vl { —p' +8p° = 121og(p)p* — 8p + 1 (C.5)
T
— 53l ( —p* +8p® — 12log(p)p* — 8p + 1>
my
.
+WM%; < — 5pt 4 24p — 12(log(p) + 2)p* + 8p — 3>
b
2
+Wﬁ% (— 5p% + 16p° — 1207 — 16p + 121log(p) + 17>
b
8
+—51 <9p4 —20p% + 9p% + 6log(p) + 2)
9Imy,
+5 792 ( — 27p* 4+ 76p3 — 72p? + 36p — 121og(p) — 13)
b
4
+WS3 <3,04 —7p% 4+ 9p% — 21p + 4(31og(p) + 4)>
b
1
+3 785 < — 5p* 4 16p® — 12p? — 16p + 121og(p) + 17> }
b
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